Temporal coupled mode theory linking to surface-wave dispersion relations in near-field electromagnetic heat transfer Hideo Iizuka 1,a) We provide a detailed discussion of the use of coupled mode theory to describe near-field heat transfer. We consider a simple physical model system of coupled harmonic oscillators with each oscillator maintaining at a different temperature, where heat transfer between the oscillators can be analytically treated from first-principles using the Newton's equation and the fluctuation dissipation theorem. Applying a slowly varying envelope approximation to the Newton's equation, we derive a coupled mode theory formalism. We then apply this coupled mode theory formalism in the study of the near-field heat transfer between either silicon carbide plates or between two graphene sheets. The coupled mode theory provides a quantitative link between the dispersion relation of the coupled system and the heat transfer, and agrees with exact numerical results over all range of wavevectors. To obtain such complete agreement, the key observation here is that one should include the frequency shift, that is, the frequency of the individual mode used in the coupled mode theory should be different from the frequency of the mode of an isolated structure. Finally, we show that the coupled mode theory can be applied even when more than two modes are involved in the heat transfer. As an example, we extend our formalism to the near-field heat transfer in a four-layer graphene structure. Published by AIP Publishing.
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I. INTRODUCTION
Near-field heat transfer is of great importance for heat management in the nanoscale, since it significantly exceeds the far-field limit. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] While most early previous works focused on numerical studies, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] there have been significant recent works seeking to develop analytic upper bound of near-field heat transfer. [29] [30] [31] [32] [33] [34] [35] Complementary to numerical works, a practically powerful approach to generate analytic insights is through the use of coupled mode theory. [36] [37] [38] [39] [40] [41] Since in many prominent geometries for the study of near-field heat transfer, the dominant contributions arise from the surface polaritons, it is natural to seek to describe the heat transfer from the properties of these modes. Hence a number of authors have applied coupled mode theory for heat transfer. 42, 43 Both Otey and Chalabi have shown that the coupled mode theory agrees very well with exact calculation in the quasi-static regime, where the wavevector of the polariton is much larger compared with the free-space wavevector. Outside the quasi-static regime, however, Chalabi has noted that there is discrepancy between their coupled mode theory approach and exact results. 43 In this paper, we show that a simple modification of the formalism used in Refs. 42 and 43 leads to complete agreement between the coupled mode theory and the exact numerical results over all range of wavevectors. The key observation here is that one should not use the polariton frequency of a single interface as the modal frequency in the coupled mode theory; instead, one should include the frequency shift as induced by the second interface. We show that the modified coupled mode theory excellently reproduces the exact numerical results in different material systems including silicon carbide (SiC) and graphene. The existence of such frequency shift is certainly well known in photonics 38 and has been previously observed in several theoretical studies on near-field heat transfer between material bodies. 15, 44, 45 However, there have not been any previous works highlighting the importance of incorporating such a frequency shift in the temporal coupled mode theory formalism for describing near-field heat transfer. In addition, we verify the applicability of the theory for a four-layer graphene structure. Therefore, we have shown that the properties of the near-field heat transfer can be completely and quantitatively understood in terms of the property of the underlying electromagnetic modes. This should enable one to design the properties of electromagnetic modes for the purpose of controlling heat transfer.
The paper is organized as follows. In Section II, we develop a coupled mode theory by using a harmonic oscillator model and introducing a slowly varying envelope approximation. In Section III, we compare the coupled mode theory formalism to numerical results in the heat transfer per channel and obtain excellent agreements. In addition, we extend our formalism to the near-field heat transfer in a four-layer graphene structure and clarify the frequency shifts occurring in the coupled system. The paper is then concluded in Section IV. a) hiizuka@mosk.tytlabs.co.jp b) shanhui@stanford.edu
II. COMPARISON OF COUPLED MODE THEORY WITH A SIMPLE PHYSICAL MODEL
Given the discrepancy observed between the coupled mode theory and the actual numerical results in Ref. 43 , we seek to reexamine the foundation of such coupled mode theory formalism. In Section II A, we consider a simple physical model system of coupled harmonic oscillators with each oscillator maintaining at a different temperature, where heat transfer between the oscillators can be analytically treated from first-principles using the Newton's equation and the fluctuation dissipation theorem. The equation here involves a second-order derivative in time. In Section II B, we then derive a coupled mode theory, which involves a first-order derivative in time, for the same system shown in Section II A, applying a slowly varying envelope approximation to the Newton's equation. This derivation shows that the standard coupled mode theory formalism for heat transfer, at least for this simple system, can be derived from first-principles. The derivation also provides important insights into the correct choice of the coupled mode theory parameters that are required in order to quantitatively describe the physical model system.
A. Heat transfer between two harmonic oscillators
We consider heat transfer between two harmonic oscillators, and each as shown in Fig. 1(a) , is described by
where x is the oscillating amplitude, c is the damping rate, x s is the resonant frequency, F is an external force that acts on the oscillator, and m is the mass of the oscillator. The resonant frequency has the form of x s ¼ ffiffiffiffiffiffiffiffiffiffi ffi j s =m p , where j s is the spring constant. We assume the exp ðÀixtÞ convention.
The total energy E in the harmonic oscillator, averaged over a period, is
Here, we have switched to the phasor (i.e., complex field) notation, and notice that the total energy is twice the timeaverage of the potential energy. At thermal equilibrium, we should have
where
h and k B are the reduced Planck constant and the Boltzmann constant, respectively. In general, when F ¼ 0, Eq. (1) describes a damped oscillator. Therefore, in order to use Eq. (1) to describe an oscillator in thermal equilibrium, the right hand side of Eq. (1) should be a fluctuating force that compensates for the damping. In the frequency domain, Eq. (1) becomes
Therefore
where we have assumed that the fluctuating force is also stationary, that is, hjFðtÞj 2 i is time-independent, and thus
Assuming that the fluctuating force is sufficiently broadband, FðxÞ can be approximated as Fðx s Þ and taken out of the integral. Evaluating the integral in Eq. (6), we have
Therefore, combining with Eq. (3), we obtain
Since x s can be chosen to be of any value in this derivation, we have
To summarize the derivation process of Eqs. (1)- (10), a single harmonic oscillator in thermal equilibrium is described by Eq. (1) where the fluctuating force F has the form
with
We next consider two harmonic oscillators coupled together, as shown in Fig. 1 (b) . The equations of motion are given by where j 1 and j 2 represent the spring constants for each oscillator. Here we assume j 1 ¼ j 2 ¼ j. j 12 describes the strength of coupling between the two oscillators. In the frequency domain, from Eq. (13) we have
For the lossless case (c ¼ 0), resonant frequencies of the coupled system are
Using Eqs. (15) and (16), Eq. (13) is rewritten as
We emphasize in Eq. (17) that the behavior of the coupled oscillators is now characterized by the two resonant frequencies x H and x L of the coupled system. In the frequency domain, from Eq. (17) we have
We now treat the heat transfer between the two oscillators, when the two oscillators are maintained at temperatures T 1 and T 2 , respectively. From Eqs. (7), (10) , and (18), the power transfer P 1!2 can be determined as
where in the first line above, we have related the transferred power to the force F 1!2 ¼ j 12 ðx 1 À x 2 Þ on the oscillator 2 from the oscillator 1. In the second line, the period-averaged transferred power has been given by using Re½hF Having derived the heat transfer properties between two harmonic oscillators at different temperatures, we now seek to describe the same system with the coupled mode theory formalism. While the harmonic oscillators above are described with a second-order differential equation, the coupled mode theory equation used in Refs. 42 and 43 involves only a first-order derivative in time. We therefore assume that
and apply the slowly varying envelope approximation, which is valid in the regime x ) c. Substituting Eqs. (20) and (21) into Eq. (17) and selecting the exp ðÀixtÞ term, we have
We ignore the second-order derivative and use approximations of ½x
where we have usedF i ðxÞ ¼ 16pmcHðx; T i Þdðx À x 0 Þ; ði ¼ 1; 2Þ that comes from the derivation process of Eqs. (1)- (10) with Eqs. (20) and (21) . Eq. (24) agrees with Eq. (19) in the proper limit.
Eq. (23) provides a coupled mode theory description of the physical system as discussed in Section II A. We emphasize that in the coupled mode theory formalism, the modal frequency for the "individual" mode is ðx H þ x L Þ=2, which is different from the resonant frequency of an independent harmonic oscillator x s ¼ ffiffiffiffiffiffiffiffiffi j=m p : To describe this system with the coupled mode theory, one must take into account the frequency shift of an oscillator due to the presence of the other oscillator, which was not included in Refs. 42 and 43. On the other hand, the coupling constant ðx H À x L Þ=2 in our coupled mode theory is the same as in Refs. 42 and 43.
III. COMPARISON OF THEORY TO NUMERICAL RESULTS
We compare our coupled mode theory results (Eq. (24)) to results from fluctuational electrodynamics calculation in the near-field heat transfer between SiC plates (inset of Fig. 2 ) in Section III A and between graphene layers (inset of Fig. 4) in Section III B. We assume identical bodies with temperatures T 1 ¼ T þ DT and T 2 ¼ T placed with a vacuum gap size of d ¼ 10 nm and investigate the temperature derivative of heat transfer per channel at T ¼ 300 K. In Section III C, we extend our formalism to the near-field heat transfer in a four-layer graphene structure and verify the applicability of the formalism by comparing the analytical results to the numerical results. In all three cases considered here, the p-polarized evanescent waves dominantly contribute to the heat transfer in the near-field regime, since the surface plasmon or phonon polaritons are p-polarized. The heat transfer is treated as a summation of independent channels indexed by the lateral wavenumber b 29, 35, 42, 43 and the net heat flux is given by
where the heat transfer per channel is defined as
In Eq. (26), the exchange function Z satisfies 0 Z 1. rðx; bÞ is the Fresnel reflection coefficient of the p-polarized evanescent waves at the body-vacuum interface. j 0 is the normal wavenumber in vacuum and has the form of j 0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
0 < bÞ, where k 0 is the free space wavenumber.
A. SiC case
The behavior of the exchange function Z can be well understood by analyzing the dispersion relation of parallel surfaces. Here we consider the heat transfer between SiC plates (inset of Fig. 2 ). The permittivity of SiC is expressed as
, and e 1 ¼ 6:7.
14 The exchange function Zðx;bÞ is calculated by plugging the Fresnel reflection coefficient rðx;bÞ ¼ ½eðxÞj 0 (26), and shown in Fig. 2 . To apply the coupled mode theory to heat transfer, we determine the dispersion relation of the plate-plate structure by solving the dispersion equation
with a real b and complex x. 46 The real part of x is plotted in Fig. 2 as the green solid lines. At each b, there are two solutions labelled as x H and x L . We see that in the x-b plane the exchange function Z reaches near unity (white-color regions) only in the vicinity of the dispersion relation x H ðbÞ and x L ðbÞ. Therefore, one can describe the near-field heat transfer between parallel surfaces with two frequencies x H and x L in the system.
The heat transfer per channel between SiC plates is analytically and numerically investigated for different b s, and plotted in Fig. 3(a) together with three spectra at b ¼ 20 lm À1 , 200 lm À1 , and 500 lm À1 in Figs. 3(b)-3(d) . In the spectra of For comparison, we calculate the heat transfer per channel by using the conventional coupled mode theory of Refs. 42 and 43, where the modal frequency is characterized by the polariton frequency x s ðbÞ of a single SiC-vacuum interface; thus, the heat transfer per channel takes the form 
The conventional theory agrees well with numerical results in the quasi-static regime (Figs. 3(c) and 3(d) ). However, when b 100 lm À1 , discrepancy between the conventional theory (pink dashed line) and the exact results (blue dots) becomes substantial as shown in Figs. 3(a) and 3(b) . This can be understood from the comparison of dispersion curves in Fig. 2 . The dispersion curve of x s (pink solid line) gets far away from ðx H þ x L Þ=2 (cyan dashed line) as b decreases from 100 lm À1 . The comparison above clearly indicates the importance of including the frequency shift in order to correctly treat the heat transfer in the coupled mode theory.
B. Two-layer graphene case
In the graphene case (inset of Fig. 4) , the optical conductivity of graphene, including both the Drude and interband contributions, is expressed as
where GðnÞ ¼ sin hðn=k B TÞ=½cos hðl=k B TÞ þ cos hðn=k B TÞ.
We assume a damping rate of c ¼ 10 13 rad=s for graphene.
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The chemical potential of graphene is set at l ¼ 0:3 eV. The exchange function Z is obtained via the Fresnel reflection coefficient rðx;bÞ ¼ ½1 À i2e 0 x=ðrj 0 Þ À1 and shown in Fig. 4 .
Similar to the SiC case, the peaks of the exchange function Z agree well with the dispersion relation x H ðbÞ and x L ðbÞ obtained by solving the dispersion equation
The heat transfer per channel between graphene layers as a function of wavenumber b and three heat transfer spectra at b ¼ 5 lm À1 , 25 lm À1 , and 100 lm À1 are shown in Figs Fig.  5(a) ), and moreover, at each b the heat transfer is dominated by the peak at the lower resonant frequency x L (Figs. 5(b)-5(d) ).
We plot the dispersion curve of the polariton frequency x s of a single graphene layer, which is obtained from Eq. (32), in Fig. 4 as the pink solid line We see x s > ðx H þ x L Þ=2 over most of wavevectors that contribute to the heat transfer. Therefore, in the graphene case, including the frequency shift in the coupled mode theory is even more important as compared to the SiC case.
C. Four-layer graphene case
Our theory is not limited to systems where the heat transfer is carried by two resonant modes, and instead can be applied to more complex situations. As an illustration, here, we consider near-field heat transfer in a structure consisting of four identical graphene layers, where the top two layers and the bottom two layers have temperatures of T H ¼ T þ DT and T L ¼ T, respectively (the inset of Fig. 6(a) ). The reflection coefficient of the two layers of graphene from the vacuum gap is given bỹ
where r ¼ ½1 À i2e 0 x=ðrj 0 Þ À1 and t ¼ Ài2e 0 x=ðrj 0 Þ ½1 À i2e 0 x=ðrj 0 Þ À1 . The exchange function Z for the fourlayer case is obtained from Eqs. (26) and (33) , and shown in Fig. 6(a) . Similar to the cases considered above, at each b the exchange function Z exhibits four peaks. The positions of these peaks agree well with the dispersion relation x c1 ðbÞ, x c2 ðbÞ, x c3 ðbÞ, and x c4 ðbÞ obtained by solving the dispersion equation
In order to describe the system in the coupled mode theory formalism, we assume that there exists only the nearest coupling between graphene layers and that the inner layers and the outer layers have different modal frequencies induced by the coupling effect. Following the derivation process in Section II, that is, applying the slowly varying envelope approximation to the equations of motion for the symmetric model system of the four oscillators coupled together, as shown in Fig. 6(b) , we have the coupled mode equation that involves a first-order derivative in time as: 
Eqs. (36)- (40) are derived such that the resonant frequencies of Eq. (35) match those of the dispersion relation of the fourlayer graphene structure. We observe in Eqs. (36) and (37) that the frequency of the individual mode for the outer two layers is shifted down by Dx c from the average of the four frequencies ðx c1 þ x c2 þ x c3 þ x c4 Þ=4, whereas the frequency of the individual mode for the inner two layers is shifted up by Dx c . In Figure 6 (a), we compare the frequencies of the individual modes (cyan dashed lines) with the dispersion relation of the four-layer structure (green solid lines) and the dispersion relation of the two-layer forming one of the bodies (pink solid lines). We clearly see that the frequencies of the individual modes are different from the dispersion relation of the two-layer system.
